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(Communicated by Peter Li)
Abstract. We prove in this paper that the equation pu + h = 0 on a
p-hyperbolic manifold M has a solution with p-integrable gradient for any
bounded measurable function h : M → R with compact support.
1. Introduction
The p-Laplacian of a function f on a connected oriented Riemannian manifold
without boundaryM is dened by pf = div(jrf jp−2rf); it is the Euler-Lagrange
operator associated with the functional
∫
M jrf jp.
A function u 2W 1,ploc (M) is said to be a weak solution to the equation
pu+ h = 0(1)
if for all ψ 2 C10 (M) one has∫
M
〈
jrujp−2ru,rψ
〉
=
∫
M
hψ .
We introduce the p-Dirichlet space L1,p(M) of functions u 2 W 1,ploc (M) admitting
a weak gradient such that
∫
M krukp <1.
In [2], the following result has been proved:
Theorem 1. Suppose that M is p-parabolic, and let h 2 L1(M) be a function such
that
∫
M h 6= 0. Then (1) has no weak solution u 2 L1,p(M).
The goal of this paper is to prove the following result in the converse direction.
Theorem 2. Suppose that M is a p-hyperbolic manifold (1 < p < 1) and that
h 2 L1(M) has compact support. Then (1) has a weak solution u 2 L1,p(M).
Moreover u is of class C1,α on each compact set (where α 2 (0, 1) may depend on
the compact set).
The notion of p-hyperbolic and p-parabolic manifolds will be recalled below (see
also [6]). As an example, the euclidean space Rn is p-hyperbolic if and only if p < n.
Remark. If M = Rn with 1 < p < n and h  0, then equation (1) (and in fact a
more general eigenvalue problem) is solved in [1].
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2. Preliminaries on p-hyperbolicity
Definition. Let (M, g) be a connected Riemannian manifold, and K M a com-
pact set. For 1 < p <1, the p-capacity of K is dened by
Capp(K) := inf
{∫
M
jrujp : u 2 C10 (M), u  1 on K
}
.
The manifold M is said to be p-parabolic if Capp(K) = 0 for all compact subsets
K M and p-hyperbolic otherwise. It is a well known fact that, in a p-hyperbolic
manifold, the p-capacity of any compact set with non empty interior is always
positive (see e.g. [6]).
Let D  M be a non empty bounded domain. We introduce the Banach space
Ep = Ep(D,M) of functions u 2W 1,ploc (M) such that
kukpE :=
∫
D
jujpdx+
∫
M
jrujpdx <1 .
We denote by Ep0 the closure of C
1
0 (M) in Ep.
Lemma 1. If M is p-parabolic, then 1 2 Ep0 .
Proof. By hypothesis Capp(D) = 0; hence for all  > 0, there exists a function
u 2 C10 (M) such that u  1 on D and
∫
M jrujpdx < . Thus we have
k1− ukpE :=
∫
D
j1− ujpdx+
∫
M
jrujpdx =
∫
M
jrujpdx   .
It follows that 1 2 Ep0 .
The next lemma is the well known Poincare inequality.
Lemma 2. Let D be any bounded regular domain in a Riemannian maniflold M
and 1  p <1. Then there exists a constant A such that(∫
D
ju− uDjpdx
)1/p
 A
(∫
D
jrujpdx
)1/p
for all u 2W 1,ploc (M), where uD = 1vol(D)
∫
D
udx is the mean value of u on D.
A reference is [3, Lemma 3.8].
Combining this lemma with Ho¨lder’s (or Jensen’s) inequality, we obtain
Corollary 1. There exists a constant c = cD such that∫
D
ju− uDjdx  cD
(∫
M
jrujpdx
)1/p
(2)
for all u 2W 1,ploc (M).
Proposition 1. Suppose that M is p-hyperbolic and let D  M be as in Lemma
2. Then there exists a constant C1 such that for all u 2 Ep0∫
D
juj dx  C1
(∫
M
jrujpdx
)1/p
.
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Proof. Suppose that such a constant does not exist. Then for all ε > 0 it is possible
to nd a function u 2 Ep0 such that∫
D
jujdx = vol(D) and krukLp(M)  ε .
We may also assume u  0 (else replace u by juj). From Corollary 1 one gets∫
D
ju− 1jdx  cD ε .(3)
Let us now choose a ball B  D and a function ψ 2 C10 (M) such that 0  ψ  12 ,
supp(ψ)  D and ψ  12 on B, and dene the function v 2 Ep0 by v = 2 maxfu;ψg.
Observe rst that v  1 on B, and dene the sets
A := fx 2 Djψ(x)  u(x)g and A0 :=
{
x 2 Dj ju(x)− 1j  1
2
}
.
We have A  A0 and by (3) we have 12vol(A0)  cDε; thus
vol(A)  2cDε .(4)
Now we have almost everywhere
rv =

2ru on M nA,
2rψ on A;
in particular
jrvj  2jruj+ 2χAjrψj a.e.
from which one deduces
krvkLp(M)  2 krukLp(M) + 2 sup jrψj (vol(A))1/p .(5)
From (4) and (5) one obtains
krvkLp(M) 
(
2ε+ 2 sup jrψj (2cDε)1/p
)
.
Since v  1 on B and ε is arbitrary, one deduces that Capp(B) = 0, which contra-
dicts the fact that M is p-hyperbolic.
We may sum up our results so far in
Theorem 3. The following conditions are equivalent:
(a) M is p-hyperbolic;
(b) There exists a constant C2 such that for all u 2 Ep0 one has
kukLp(D)  C2  krukLp(M) ;
(c) 1 /2 Ep0 .
Proof. The implication (b) ) (c) is obvious and (c) ) (a) is Lemma 1.
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Let us write u as u = (u− uD) + uD; using Proposition 1 and Lemma 2, we see
that
kukLp(D)  ku− uDkLp(D) + kuDkLp(D)
 A
(∫
D
jrujpdx
)1/p
+ (Vol(D))1/p juDj
 A
(∫
D
jrujpdx
)1/p
+ (Vol(D))(1−p)/p
∫
D
jujdx
 A
(∫
D
jrujpdx
)1/p
+ (Vol(D))(1−p)/p C1
(∫
M
jrujpdx
)1/p
 C2
(∫
M
jrujpdx
)1/p
.
This proves (a) ) (b).
3. Proof of Theorem 2
We rst choose a regular bounded domain D  M such that supp(h)  D. We
then dene a functional J : Ep0 ! R by
J (u) = 1
p
(∫
M
jrujpdx
)
−
∫
M
hu dx .
The manifold M beeing p-hyperbolic, we have
J (u)  1
p
krukpLp(M) −
∣∣∣∣∫
M
hu dx
∣∣∣∣
 1
p
krukpLp(M) − khkL∞  kukL1(D)
 1
p
krukpLp(M) − C1 khkL∞  krukLp(M) ,
where C1 is the constant of Proposition 1. Since the function g(x) = jxjp − ax of
the real variable x is bounded below, we conclude that the functional J is bounded
below on the space Ep0 .
Set m := inf fJ (u)ju 2 Ep0g , and let fuig  Ep0 be a minimizing sequence for
J (i.e. J (ui) ! m). Then from the inequality above, one deduces that fuig is
a bounded sequence in Ep0 . Since E
p
0 is a reflexive Banach space, this sequence
contains a weakly convergent subsequence (still denoted by fuig). Let us denote
by u the weak limit of fuig. By the compactness of the embedding Ep0  L1(D),
we may assume that fuig converges strongly in L1(D), in particular∫
D
hui !
∫
D
hu .(6)
By Theorem 3, krukLp(M) is an equivalent norm on Ep0 ; hence by the weak lower
semi-continuity of the norm on Ep0 we have
krukLp(M)  limi!1 inf kruikLp(M) .(7)
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From (6) and (7) one deduces that J (u)  limi!1 inf J (ui) = m; hence
J (u) = m. By the usual arguments from variational calculus, one deduces that u
is a weak solution to (1).
The C1,α regularity follows from Theorem 1 in [5].
Remark. We have in fact solved (1) in the space Ep0  L1,p(M).
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